I. Introduction
High-power generators of coherent radiation in the infrared (IR) are under consideration in a number of laboratories. An example of this is a free-electron source of radiation based on the Smith-Purcell mechanism.' In a free-electron laser (FEL) based on the Smith-Purcell mechanism an electron beam interacts with the slowwave structure of a metallic grating. The interaction leads to bunching of the beam and amplification of radiation."- 5 Since only moderate energy (< few MeV) electron beams are required, the grating FEL has the potential of developing into a truly compact, benchtop source of IR radiation.
In Ref. 15 an analysis of a grating FEL in planar geometry, employing a sheet electron beam of finite thickness, has been presented. Experiments at the Naval Research Laboratory with sheet beam configurations have been hampered by deformation and warping at the beam edges. New experiments, using annular electron beams to avoid edge problems, are presently underway, aimed at the generation of far-IR radiation. To increase the power handling capability, large, overmoded structures (i.e., with waveguide radius > free-space wavelength) are adopted. This is referred to as multiwave operation.
A schematic of the experimental set-up is shown in Fig. 1 . A hollow, cylindrical electron beam from a cold, field-emission gun is made to pass through a coaxial waveguide, the central conductor being in the form of a grating. The entire system, inclucing the dlectron gun, is immersed in a uniform axial magnetic field in order to achieve confined flow of the beam. The discussion here is linit'2d to the case Manuscrpt approved August 13. 1993.
in which the electrons interact with a spatial harmonic whose group velocity is nearly zero and consequently the energy drained from the radiation field is reduced. This is illustrated in Fig. 2 II.
Electronic and Circuit Equations
The purpose of this section is to derive the equations that describe the motion of electrons in the electromagnetic field inside an open resonator formed by a coaxial waveguide with a corrugated center conductor, the entire system, including the electron gun, being immersed in an axial magnetic guide field. Cylindrical coordinates are denoted by (r, w, z) with the z axis lying along the axis of the waveguide. (Fig.   1 .) The discussion is limited to TM modes since the electrons streaming through the resonator are expected to interact strongly with axial electric fields. For simplicity, only azimuthally symmetric TM 0 ,. modes are considered.
A. Circuit Dispersion Relation
The z component of the resonator electric field can be written as
where w = 27 c/A is the frequency, A is the free-space wavelength and E,(r,z)
represents the spatial variation of the field. In the region above the grating surface and bounded by the outer conductor, r, __ r < R, E, is expressed as a sum of all the even spatial harmonics: 
The assumption of a TEM mode in the slots is strictly valid for s <K A, where a is the groove width.
The other relevant components of the electromagnetic field (i.e., B, and E,) From the boundary condition on E, one can express all the amplitudes in terms of Ao; in particular,
,n_=__ YO(ko (4)
Jo(rkR) All the waveguide dimensions is this expression may be scaled to the grating pitch, d, and the transcendental equation solved for kod.
In the following it will be assumed that only the n = 1 spatial harmonic is resonant with the electrons and therefore the only relevant component of the slow- 
B. Synchrotron and Betatron Equations of Motion
In the synchrotron phase space, the equations of motion of the jth electron, of charge -lel and rest mass m, interacting with the n = 1 spatial harmonic are given
dt 2mc
where Oj = 21rzj/d -wt and v 1 is the electron velocity in the (r, p) plane.
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In the betatron phase space, it is assumed that the motion of the electrons is not directly affected by the radiation field. The forces in the betatron phase space arise from the self-electric and -magnetic fields plus that due to the axial guide magnetic field, B 0 . Since the radius of the electron beam, rb, is much greater than the width of the electron beam, Arb, or the electron gyroradius, it is permissible to consider the hollow cylindrical beam to constitute an infinite strip beam. For a strip beam the equations of motion of an electron are 
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( where f1 2 = f12 _ f22. To solve Eq. (12) we put" 7
and substitute in to obtain equations for X(t) and qO(t). In Eq. (13) X and € are the same for all electrons whereas 0 < ý < 1 and 0 < 0 < 27r are parameters that 6 may be chosen to represent any desired distribution of electrons. The equations for X and 4' are
where e is the (unnormalized) emittance of the electron beam. Substituting Eq.
(15) into Eq. (14), one obtains an equation for the beam envelope:
For a matched electron beam X(t) = Xb = constant and Eq. (16) may be solved to obtain Xb = (CV'/f)1/2. Making use of this, the betatron motion is given by
where the last term in Eq. (18) represents the E x B precession in the azimuthal direction. If t o is the time at which the electron is born on the cathode, Eq. (17) may be rewritten as
where z0 is the z-coordinate of the electron on the cathode at the instant of emission.
It follows that the full width of the electron beam, Arb, is determined by i) The spread in xo, i.e., the region of beam formation on the cathode and ii) By the with the aid of Eqs. (17) and (18) one ootains
where it has been assumed that • is uniformly distributed in the interval [0,1j. Note that the spread in the axial energy, < -y, > mc 2 , is obtained from the relation t5 =
Equations (8), (9), (17) 
C. Power
The small-signal analysis of Eq. 
where
is the beam current in Amperes, g(e) =-d(sin e/e) 2 /de,
L, is the interaction length along the z axis and E, 1 is the term corresponding to n = 1 in the summation in Eq. (2).
D. Start-Oscillation Condition and Gain
In the configuration indicated in Fig. 1 the coaxial waveguide forms an open resonator oscillator. If QL denotes the loaded quality factor of the resonator, the start-oscillation condition is expressed by
where 4,, the total radiation energy stored in the optical cavity, is'" A complete set of parameters for a coaxial waveguide grating FEL using a hollow cylindrical 105 kV electron beam to generate radiation at A = 45 /Am is given in Table 1 . The start-oscillation current is determined from Eq. Fig. 3 (a) . The higher voltage, however, leads to a larger start-oscillation current as shown in Fig. 3 (b) .
The slight rise in the current towards the low energy end of 8), (9) and (17) (17) and (18)].
A. 45 Irm Radiation 
In Eq. (27), rb is the radial coordinate of the beam centroid. In this example the beam is taken to be infinitely-thin and rb is the r coordinate of the beam, i.e., the distance of the beam from the symmetry axis. Table I for other parameters in this example.) The peak efficiency indicated in Fig. 5 (b) , 77 = 0.41%, is observed to be smaller than the peak efficiency for the infinitely-thin beam example in Fig. 5 (a) . 
